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An approximate numerical method has been proposed for solving three-dimensional condensation heat transfer

on a vertical flat plate in a crossflow of humid air. The external flow of air and water vapor was modeled using an

empirical correlation for forced convection over aflat platewith suction.The analogybetweenheat andmass transfer

was used to calculate the local mass transfer rate to the condensate film. For the liquid phase, the heat transfer was

calculated as conduction across a falling laminar film, using standard thin-film assumptions. The local Nusselt

number distribution predicted with the current approximate method was found to compare well with a

computational fluid dynamics solution from the literature. Sample results have been presented for condensation on a

vertical platewith freestream temperatures and humidity levels that correspond to the exhaust conditions of a 20 kW

industrial clothes dryer.

Nomenclature

D = binary diffusion coefficient, m2=s
gm = local mass transfer coefficient, kg=m2s
H = plate height, m
hfg = latent heat of vaporization, J=kg
hx = local convective heat transfer coefficient, W=m2K
k = thermal conductivity, W=mK
L = plate length, m
M = molecular mass, kg
m = control volume index in y direction
_m00i;v = local condensation rate at the interface, kg=m2s
n = control volume index in x direction
Nux = local Nusselt number
Nux = average Nusselt number
Pr = Prandtl number
Psat = vapor saturation pressure. Pa
P1 = total pressure, Pa
q00 = local heat flux, W=m2

Re = Reynolds number
Sc = Schmidt number
Sh = Sherwood number
Ti = liquid/vapor interface temperature, �C
Tw = cold wall temperature, �C
U1 = freestream velocity, m=s
vi = interface velocity (positive in the z direction), m=s
w = mass fraction
�x = local suction parameter
� = mass flow rate of condensate per unit depth, kg=sm
� _mv = vapor condensation rate for the control volume, kg=s
� = local condensate film thickness, m
� = dynamic viscosity, Ns=m2

� = density, kg=m3

� = relative humidity

Subscripts

A = air

film = condensate film
i = liquid/vapor interface of the condensate film
‘ = liquid water film
v = vapor
w = cold wall
1 = freestream conditions

Introduction

F ILM condensation in the presence of noncondensable gases has
been widely studied for a variety of geometries and flow

conditions. This problem is of practical importance for the design of
condensers for power plants, refrigeration systems, nuclear safety
systems, and various chemical processes. Detailed reviews of the
literature have been given by Marto [1] and Carey [2].

Condensation of vapor in the presence of noncondensable gases
involves coupled heat and mass transfer. There are two general
approaches for solving this class of problem. One method is to use
computational fluid dynamics (CFD) to solve the coupled governing
equations for heat, mass, and momentum transfer. These equations
are solved simultaneously in the liquid film and in the gas flow. In
general, this method is difficult to apply because of the vastly
different length scales involved. Typically, the liquid condensate film
is at least two orders of magnitude thinner than the thermal,
momentum, and concentration boundary layers in the gas flow. Also,
in a full CFD solution, the location of the liquid/gas interfacemust be
tracked. To the authors’ knowledge, commercial CFD codes cannot
handle this class of two-phase problem. The CFD solutions currently
in the literature have been custom programmed, often using
coordinate transformations, and are limited to two-dimensional flow
[3,4]. Hence, the designers of heat transfer equipment usually resort
to simplified methods, which make use of cross-sectional averaged
one-dimensional conservation equations and empirical correlations
for the boundary conditions [5–7]. The current paper extends this
approximate approach for applications with three-dimensional
flows.

As an illustration, the current method has been applied to solve the
three-dimensional film condensation on a vertical plate in crossflow.
The problem geometry is shown in Fig. 1. Warm humid air flows in
the x direction with velocity (U1), parallel to an isothermal vertical
plate, which is cooled to temperature TW . The plate has heightH and
depth L in the air flow direction. The plate temperature is below the
freestream dew-point temperature, such that a three-dimensional
condensate film of water flows in the y direction, under the action of
gravity. In the gas flow, concentration, momentum, and thermal
boundary layers develop simultaneously in the x direction. These
conditions are an idealization of those encountered in condensing
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heat exchangers used for air conditioning, heat recovery in furnaces,
and other industrial processes.

Simplified Heat and Mass Transfer Model

The current solution procedure is based in part on the method
proposed by Rose [8] for solving film condensation on a horizontal
plate and the analysis of Maheshwari et al. [5] for solving con-
densation inside a vertical tube. In the current calculation, the plate is
discretized into control volumes, with unequal grid dimensions (�x
and �y). There were n control volumes in the x direction and m
control volumes in the y direction. Over each control volume, a heat
balance is applied at the liquid/gas interface of the condensate film.
The latent heat transfer rate due to condensation, plus the sensible
heat transfer rate to the film surface, is set equal to the heat
conduction rate across the laminar liquid film:

�QLat ��QConv ��QCond

� _mvhfg � hx�x�y�T1 � Ti� � k‘�x�y
�Ti � Tw�

�
(1)

As part of the solution, the liquid/gas interface temperature Ti was
calculated iteratively at each control volume to satisfy this heat
balance.

The flow in the condensate film was assumed to be laminar, and
axial momentum changes within the liquid film were neglected.
Viscous shear stress at the liquid/vapor interface has also been
neglected. With these standard thin-film assumptions, the local film
thickness � can be expressed in terms of the local mass flow rate of
condensate per unit width � as follows (Carey [2]):

��
�

3�‘�

�‘��‘ � �1�g

�
1=3

(2)

In the discretized domain, the local film thickness ��n;m� was
calculated for each column of control volumes by modifying Eq. (2)
as follows:

�n;m �
�
3�‘��n;m�1 � �� _mv=2�x��

�‘��‘ � �1�g

�
1=3

(3)

where

�n;m�1 �
1

�x

Xm�1
m�1

� _mv

In Eq. (3),�n;m�1 is the total condensate mass flow rate for column
n, above the control volume of interest. For each column, the
calculation was started with �� 0 at the top of the plate and
progressed downward. Note that, in Eq. (3), the local condensation

rate for the control volume � _mv is divided by two, so that the local
film thickness corresponds to the center of the volume. Lateral flow
of condensate induced by the crossflow shear stress and surface
tension has been neglected. From the perspective of heat transfer
design, this is a conservative assumption.

The film Reynolds number was calculated at the bottom of each
column of control volumes. In all cases, the local film Reynolds
number satisfied the laminar flow criterion (i.e., Refilm�
4�tot=�‘ < 30). For the range of variables considered in this study,
the averagevalue of thefilmReynolds numberwas typically less than
0.5.

Surface condensation produces a bulk velocity of gas toward the
wall, as if there was suction at the liquid film interface. Since the
liquid phase is impermeable to the noncondensing gas (air), the mass
flow rate of air is zero at the interface. So, the air that is carried to the
interface by the bulk inward flow must diffuse away from the
interface. This requirement can be expressed as

� �iD
@wA
@z

����
i

�� �i;Avi (4)

where vi is the z component of gas velocity at the interface on the gas
side.

Because there is an inward flow at the interface, the mass flux of
vapor to the interface _m00i;v has both a convective and a diffusive
component, which can be expressed as follows:

_m 00i;v ���i;vvi � �iD
@wv
@z

����
i

(5)

Combining the impermeability condition [Eq. (4)] with Eq. (5) gives
the local mass flux of vapor as

_m 00i;v �
gm�w1;v � wi;v�
�1 � wi;v�

(6)

In the discretized domain, Eq. (6) was used to calculate the vapor
condensation rate over each control volume as follows:

� _mv �
gm�x�y�w1;v � wi;v�

�1 � wi;v�
(7)

Using the condition that the interface is impermeable to the
noncondensing gas [Eq. (4)], the interface velocity can be expressed
(after some manipulation) as

vi �
�gm�w1;v � wi;v�
�i�1 � wi;v�

(8)

Note that the interface velocity is defined as positive in the z
direction (i.e., vi < 0).

The mass transfer coefficient (gm) at the vapor–condensate
interface was calculated using the analogy between heat transfer and
mass transfer. Rose [8] has shown that the problem of laminar forced
convection along a flat plate in the presence of noncondensable gases
is identical to laminar forced convection over an isothermal flat plate
with suction, where the suction velocity is proportional to x�1=2. For
the current falling film problem, the condition that jvij / x�1=2 will
not be preciselymet. However, the interface velocity is small because
of the low mass fraction of vapor in the freestream. So, the accuracy
of this correction for boundary-layer suction is not critical in this
solution.

The correlation for the convective heat transfer on an isothermal
plate with suction is given by Rose [9] as

NuxRe
�1=2 � hxx

k
Re�1=2 � ��Pr��1� 0:941�1:14

x Pr0:93��1 � �xPr
(9)

where

�x ��
�
vi
U1

�
Re1=2x ; Rex �

�U1x

�
(10)

Fig. 1 Problem geometry and coordinate system.
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and

��Pr� � Pr1=2�27:8� 75:9Pr0:306 � 657Pr��1=6

The local mass transfer coefficient gm at the vapor–condensate
interface was calculated using the analogy between heat and mass
transfer. In Eqs. (9) and (10), the local Nusselt number was replaced
by the local Sherwood number:

Shx �
gmx

�D
(11)

Also, the Prandtl number was replaced by the Schmidt number:

Sc� �

�D
(12)

In this manner, Eqs. (9) and (10) were used to calculate both local
heat transfer coefficient and the local mass transfer coefficient. The
length scale in theReynolds numberwas based on the xdistance from
the leading edge of the plate to the centroid of the control volume. At
each control volume, the properties of the humid air were evaluated at
the film temperature, �Ti � T1�=2, and at a film vapor pressure.

The water vapor and air densities were calculated assuming an
ideal gas mixture. Since saturation conditions exist at the liquid/
vapor interface, the mass fraction of vapor at the interface can be
expressed as

wi;v �
Psat�Ti�

Psat�Ti� � �MA=Mv��P1 � Psat�Ti��
(13)

whereMA andMv are the molecular masses of air and water vapor,
and Psat�Ti� is the saturation pressure of the vapor at the interface
temperature.

The properties of the condensate film were evaluated at Tw�
�Ti � Tw�=3, as recommended by Sparrow et al. [10]. The viscosity
of the water vapor–air mixture was calculated using the method of
Wilke [11]. The thermal conductivity of the mixture was calculated
using the method of Friend and Adler [12]. The binary diffusion
coefficient D was evaluated as a function of temperature, using the
expression recommended by Fujii et al. [13]:

D� 7:65 	 10�5

P1

T11=6 (14)

whereP1 is the total pressure (in pascals) and T is the temperature (in
Kelvins). The diffusion coefficient was reevaluated for each control
volume at �Ti � T1�=2.

The heat balance [Eq. (1)] and local film thickness [Eq. (3)] have
been solved iteratively at each control volume, using Eqs. (7–14). A
solution procedure that is easy to program is shown in a flowchart in
Fig. 2. To get the calculation started, an initial guess is needed for the
liquid/vapor interface temperature and the interfacial gas velocity vi.
It is convenient to use the converged values from the control volume
above the current control of interest. The heat transfer and mass
transfer coefficients can be calculated from the correlations. Since
these coefficients depend (weakly) upon vi, an iteration loop is
needed for interfacial gas velocity. The local condensate film
thickness can then be calculated, as well as the conduction heat
transfer rate across the film, based on the initial guess of the interface
temperature. The accuracy of the local heat balance, expressed by
Eq. (1), is then checked. If the residual of Eq. (1) is greater than the
desired convergence criterion, the interface temperature is corrected
using the conduction heat transfer rate across the film and the film
thickness. The outer iteration loop is repeated until Eq. (1) is
satisfied. The coding of this solution algorithm was confirmed by
performing a detailed hand calculation on a low grid (n�m� 3).

Before obtaining the final results, tests were conducted to ensure
that both iterative convergence and grid independencewere obtained.
Based on this grid sensitivity testing, subsequent calculations (for
L� 0:3 m, H � 0:2 m) were performed on a uniform grid with
n� 2000 control volumes in the gas flow direction (x direction) and
m� 50 control volumes in condensate flow direction (y direction).

Validation of the Code

To the authors’ knowledge, there has not been a previous study of
three-dimensional condensation on a vertical plate in crossflow.
Since direct validation could not be done, a comparison has been
made to published data for a closely related problem, shown in Fig. 3.
Two-dimensional condensation of a steam–air mixture in a vertical
flat plate channel has been solved by Siow et al. [3] using CFD.With
minor modifications, the current computer codewas adapted to solve
this problem. To simulate a vertical flow of gas in the y direction, the
local Nusselt and Sherwood numbers were applied at each control
volume as a function of y, rather than as a function of x. However, the
effects of the axial pressure gradient and changes in the bulk
temperature/concentration in the y direction were not incorporated

Fig. 2 Solution procedure at each control volume.
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into the simplified model. The modified code was, in effect, a model
of a vertical isolated plate in a downward flow of gas. Nevertheless, it
should be possible to make meaningful comparisons close to the
channel inlet, where the heat transfer behavior will be similar to that
of an isolated plate.

It should be mentioned that there have been previous studies of
two-dimensional condensation on a vertical plate (Shu and Wilks
[14,15]). However, these solutions are for a pure saturated vapor
without the presence of a noncondensing gas. The noncondensable
component greatly suppresses the condensation rate. Depending
upon the concentration of the noncondensable gas, the heat transfer
rate can be 10 to 100 times lower than for the pure vapor case. For this
reason, comparisons have beenmadewith thework of Siow et al. [3],
despite the imperfect match of the geometry.

Figure 3 shows the local and averageNusselt number distributions
near the inlet (y=B 
 1) of a vertical parallel-plate channel, with a
downward-flow steam–air mixture. These results are for an inlet
Reynolds number of 103, an inlet gas-to-wall temperature difference
of 20 K, and an inlet air mass fraction of 20%. The local and average
Nusselt numbers are defined by Siow et al. [3] as

Nuy �
q00yH

�T1 � Tw�k‘
; Nuy �

1

y

Z
y

0

Nuy dy (15)

where q00y is the local heat flux to the plate. It can be seen in Fig. 3 that
the local and average Nusselt numbers predicted by the current
simplified model are within about 10% of the CFD results of Siow
et al. [3]. As mentioned above, perfect agreement would not be
expected because of internal flow effects, which have not been
modeled.Nevertheless, this comparison provides some confidence in
the current solution method.

Sample Results: Heat Recovery from Clothes
Dryer Exhaust

Recently, it has been proposed to use a plate heat exchanger to
recover the heat from the exhaust stream of industrial clothes dryers.
An idealized version of this problem has been used to demonstrate
the current method. In the proposed heat exchanger, widely spaced
vertical plates would be cooled by the domestic cold water supply,
preheatingwater needed for awet-wash operation. Sample results are
presented for freestream conditions that correspond to the exhaust of
a 20 kW clothes dryer: T1 � 48:3�C, �1 � 0:9, and U1 � 2:9 m=s.
The calculations have been performed for one side of a single vertical
plate with a height of H � 0:2 m and a length of L� 0:3 m. The
plate temperature has been taken as Tw � 5�C, which is the typical

cold water supply temperature for the winter season in Toronto,
Canada.

Figure 4 shows the predicted variation of the condensate film
thickness � over the surface of the plate. For this plate length
(L� 0:3 m), the freestream Reynolds number at the trailing edge of
the plate is ReL � 5:5 	 104. So, laminar boundary-layer flow is a
reasonable (and conservative) assumption. The liquid film grows in
the direction of gravity, reaching a typical thickness of about
0.04mm at the bottom edge of the plate. As expected, the condensate
film thickness increases substantially toward the leading edge
because of the highmass transfer coefficient at this location. In fact, it
should be mentioned that there is a singularity in the local heat and
mass transfer coefficients at the leading edge (x� 0) because of the
empirical correlations that have been used. So, the numerical
calculation was only performed up to x� 1:5 	 10�4 m.

The vapor/liquid interface temperature distribution is shown in
Fig. 5a. This temperature distribution is for the same geometry and
freestream conditions as in Fig. 4. Over most of the plate, the
interface temperature is only slightly higher than the plate
temperature, typically about 5.1�C. Given that the freestream dew
point temperature is 46.3�C, it can be seen that the dominant thermal
resistance is between the freestream and the interface, due to mass
transfer effects. Air accumulates at the liquid/vapor interface and
suppresses the vapor partial pressure. This suppresses the dew point
temperature andmass transfer rate at the interface. In comparison, the
thermal resistance of the condensate film is almost negligible, except
near the leading edge of the plate (x! 0). Near the leading edge, the
thermal resistance across the condensate layer becomes significant
because of the high local mass transfer rate. For these conditions, the
conduction resistance across the film increases as the film thickens,
causing the interface temperature to increase appreciably in the y
direction near the leading edge.

The corresponding variation of the total heat flux over the plate
surface is shown in Fig. 5b. Over most of the plate, the heat flux is
almost two-dimensional. There is only a slight change in heat flux
from the top to the bottom of the plate. For example, consider the
local heat flux q00 variation at the trailing edge (x� 0:3 m): At y� 0,
q00 � 1326:7 W=m2, y�H � 0:2 m, and q00 � 1325:9 W=m2.
This result is consistent with the finding that the resistance of the
condensate film is small. Since the heat transfer is limited mainly by
the mass transfer rate of the vapor to the film, the heat transfer rate
takes on almost the same variation as the Sherwood number, which
varies only in the x direction. For the conditions shown in Fig. 5b,
approximately 20% of the total heat transfer is sensible and 80% is
latent. So, this two-dimensional behavior is also reinforced by

Fig. 3 Comparison of the local and average Nusselt number

distributions with the results of Siow et al. [3] for forced convection
film condensation of a steam–air mixture at the entrance of a vertical flat

plate channel. Fig. 4 Surface plot of the condensate film thickness � (L� 0:3 m,

H � 0:2 m, Tw � 5:0�C, �1 � 0:9, T1 � 48:3�C, U1 � 2:9 m=s, and
P1 � 100 kPa).
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sensible component of heat transfer, which also variesmainly in the x
direction.

Conclusions

An approximate numerical model has been proposed for
predicting the three-dimensional condensation heat transfer on a
vertical plate in a crossflow of humid air. Because this class of
problem cannot be readily solved with commercial CFD packages,
there is a need for this type of simplified approach. The method
described by the authors can be easily self-programmed and is useful
for the design purposes.

To illustrate the method, sample results have been presented for
condensation on a single vertical plate exposed to a warm humid air
stream. In this application, the solution shows that the condensation
rate is limited mainly by the mass transfer of vapor from the
freestream to the condensate film. The thermal resistance of the
condensate film is small, except near the leading edge of the plate.
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